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Abstract. The leading term of the asymptotics as e + +0 of the solution to the equation 
ch, + si, exp(--alz - yl)&(y)dy = f(z), -1 5 I < 1, f E C*(-1,l) is calculated. 
1. INTRODUCTION 
A theory of the numerical solution of a class R of integral equations basic in estimation 
theory is given in [1,2]. Class R is defined in [2,3]. 
A typical example of the problem which is of considerable practical interest is to study 
the behavior as c + $0 of the solution to the equation 
ch, + Rh, = f. 
Here f is an arbitrary sufficiently smooth function (f E C4[-1, l] is sufficient) and 
J 
1 
Rh = R(z, y)h(y) dy, 
-1 
with the kernel R(z, y) E 72 where the class R consists of the kernels of positive rational 
functions of selfadjoint elliptic differential operators L. For ordinary differential operators 
ellipticity is equivalent to the assumption that the coefficient in L in front of the senior 
derivative does not vanish. The kernel R(z, y) E 7Z can be written as 
R(z, Y) = 
J 
A W9Q-1(W~, ~3 A) G(X), (3) 
where P(X) and Q(X) are positive polynomials, deg P(X) = p, deg Q(X) = q, ip(z, y, A), +(A) 
and A are, respectively, the spectral kernel, measure and spectrum of an elliptic differential 
selfadjoint operator L in L2(R), ord L = s. 
Consider, for example, the following equation 
R,h := (d + R)h, 
J 1 := Eh, + exp(-a]z - yl)h,(y)dy= f(z), -1 I (4) z 5 1, 6 > 0, 
-1 
a = const > 0, which is very popular in estimation theory [2]. The problem is to find the 
leading term of the asymptotics of h, as 6 + +O. The difficulty of the problem one can see 
if one writes the solution of the limiting equation 
J 
1 
Rh := exp(-a]2 - yl)hdy. 
-1 
(5) 
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This solution is [2, p. 181: 
h = & {-f”(X) + df(z)} + “‘“2; l) {-f’(4) + 4(--l)) 
+ q;l: - 1) 
2a {f’P> + 41)) (6) 
:= ho(z) + B6(z + 1) + Ab(z - 1) := h,, + h,, 
where 6(z) is the Delta-function. Therefore, the solution consists of the smooth part hs := 
& {-f”(z) + a2f(z)} and the distribution h,(z) = A6(3: - 1) + B6(z + 1) with singular 
support at the boundary of the domain of integration. The problem is to describe the 
transition, as c + 0, from the L2 solution h, to the distribution h. 
It was proved in [2, p. 471 that h, converges weakly in k-'(-1, 1) to h. Here k-l is the 
space of distributions belonging to H-‘(-co, co) with support in [-l,l]. 
We prove 
THEOREM 1. Onehas 
h, = ho(z) + Ayexp {-~(1 - z)} + Byexp {-~(1 + z)} + O(cl”), 
where 7 := (2a/c)l/*. 
(7) 
This result gives the leading term of the asymptotics and shows the nature of convergence 
of h, to h. The functions 
7exp [-y(l+ z)] + 6(1+ 2), 7exp [-y(1 - z)] -+ 6(1- z) as E - 0. 
Convergence in (8) takes place in H-‘(-1, l), so that, in fact, strong convergence 
(8) 
holds. 
II he - h IIB-I(-l,l) +O ZLSf--+O 
In section II we prove Theorem 1. In section III remarks are collected. 
(9) 
2. PROOF 
We outline the basic steps of the proof. 
Let h, = ho + v, where ho is defined in (6): ho = (2a)-’ {-f”(z) + a’f(+)}. Then a 
simple calculation similar to the one in [2, p. 171 yields 
A exp [-u( 1 - z)] + B exp [-Q( 1 + z)] - EhO, 
with A and B given in (6). Applying the operator L := -6 + CX* to (10) yields: 
LR,v = -d + ca*v + 2av = -&ho := -69, g := lh,, 
or, with 71 := (u2 + 2~-~)1/~, 
(10) 
(11) 
I, v - a2v - 2ac-‘v = g, 
v = c1 exp [-71(1 + z)] + c2 exp [-71(I - x)1 
+ J s sinhh (z - t)l g(t) dl 9 0 71 
where sinh 2 is the hyperbolic sine. Substitute (12) into (10) to get 
cl& exp [-71(1+ z)] + CZ& exp [-71(I - x>] + R,< 
= Aexp [-a(1 - z)] + Bexp [-a(1 + z)] - cho, (13) 
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where < := J: sinhI~~l(r-*)l g(t) dt. From (13) we find cl and cz: 
Cl = c2 = (14 
put 7 := (2a~-l)i/~. Then 77;’ = 1 + O(C’/~). Thus 
v = 7B exp [-7( 1 + z)] + 7A exp [-~(1 - x)1+ 0(~“2). (15) 
This yields (7). The basic steps of the proof are outlined. Let us give some details of 
calculations. 
To derive (11) one uses the following calculation 
d2 ’ 
-J 
exp [-a]~ - yl] 21 dy = $ 
{J 
= ;{v(x;-a J 
J 
1 
dx2 -1 
exp [-u(x - Y)] 2, dy + exp [-a(~ - x)] 21 dy 
-1 Z > 2 
exp [-4x - Y)I~ dy 
-1 
-v(x) + a J +v(x)+u; exp I--4~ - x)1 v dy x exp [-4x - Y)I v dy 
-1 
J 
1 
-u(x) + CJ. exp MY - ~11~ dyz 
= -2uv(z) + u2Rv. 
(16) 
This implies (11). In order to get (14) from (13) one calculates R{exp [-7i(l f x)]}. The 
result is: 
R {exp f-71(1 + x)1) = exp [-n(1 + x)] - exp [-u( 1 + x)] a - 71 
exp [-a(1 - x) - 2711 - exp [-71(1+ x)] - 
a +71 
, 
R{exp [-71(1 - x)]} = 
exp [-71(1 - x)] - exp [-a(1 + x) - 2711 
a + 71 
_ exp I-41 - x)1 - exp L--71(1 - x)1 
a - 71 
From these formulas and (13) f ormulas (14) follow. Theorem 1 is proved. 
The method allows one to calculate the next term of the asymptotics. 
3. REMARKS 
1. Similar results can be obtained for a general kernel R E 72. In the general case the 
b,oundary layer term analogous to 7 exp [-y(1 & x)], 7 = (2a~-~)‘/~, 6 + +O, converges in 
Hea(-l, l), (Y = (q - p)s/2, to the singular part of the solution of the limiting equation. 
Calculation of the boundary layer terms is more difficult in the general case. 
One can also use much more difficult general method developed in the theory of singular 
perturbations of pseudodifferential equations [2, p. 262, problem 21. 
2. Asymptotics of the type obtained in Theorem 1 can be used for numerical solution 
of (1). Direct discretization combined with regularization leads to ill-conditioned problems. 
However, if one uses the main term of asymptotics in the numerical method one can obtain 
a well-posed problem [l]. Numerical results are given in [4]. 
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